We consider quantum systems driven by hamiltonians of the form H +W (t), where the spectrum of H consists in an in nite set of bands and W (t) depends arbitrarily on time. Let hHi ' (t) denote the expectation value of H with respect to the evolution at time t of an initial state '. We prove upper bounds of the type hHi ' (t) = O(t ), > 0, under conditions on the strength of W (t) with respect to H. Neither growth of the gaps between the bands nor smoothness of W (t) are required. Similar estimates are shown for the expectation value of functions of H. Su cient conditions to have uniformly bounded expectation values are explicited and the consequences on other approaches of quantum stability are discussed.
Introduction
Consider a time dependent system characterized by a hamiltonian of the form H + W(t) (1.1) where H is a positive self adjoint operator whose spectrum consists of separated bands f j g 1 j=1 such that j j ; j ]
(1.2) and W(t) is a time dependent symmetric perturbation. Let U(t) be the corresponding evolution operator satisfying the Schr odinger equation iU 0 (t)' = (H + W(t))U(t)' ; U(0) = I; (1.3) where the 0 denotes time derivative.
Our main concern is the time behavior as t ! 1 of the expectation value of the energy operator H hHi ' (t) = hU(t)'jHU(t)'i (1.4) and of similar operators. These are among the quantities of interest in the study of quantum stability for general time dependent systems, see e.g. EV, BJLPN, Ja, JL, dO] and references therein. Such quantities have been studied analytically for driven quantum oscillators EV, HLS, BJLPN] for various time dependences. The solubility of the quantum problem and its strong links with the classical dynamics of the system make it possible to get a rather precise description of the expectation value of the kinetic energy. For example, it can be deduced from the analysis provided in HLS] that periodically forced harmonic oscillators can lead to a behavior of the type hHi ' (t) ' e t ; > 0 (1.5) for some parameters and some initial condition ' a .
For general hamiltonians of the form (1.1) with arbitrary time dependence, the only analytical results we are aware of are those of Nenciu N2] , who tackles this problem by means of tools coming from the adiabatic theory. The adiabatic machinery already proved to be useful in the determination of the spectral properties of the monodromy operator in case of periodic time dependence of the hamiltonian, see e.g. H1, H2, N1, Jo, N2, DS1, DS2] .
Nenciu considers systems with increasing gaps in N2] and the main result regarding hHi ' (t) is essentially that if the gaps j ? j?1 between the bands grow like j , with > 0, and if W(t) is strongly C n with n h 1+ 2 i + 1, then hHi ' (t) = O(t 1+ n ) ; (1.6) as t ! 1, provided sup t2R + k(d=dt) k W(t)k < 1, k = 0; 1; ; n. This estimate holds for arbitrary time dependence of W(t) and regardless of the nature of the spectrum in the bands j . The length of the bands must not grow to faster than j . Note that the necessary a G. Hagedorn, private communication. growth of the gaps in the spectrum of H prevents the application of this result to the driven harmonic oscillator. In this paper we also deal with H's whose spectrum consists in an in nite set of bands and we obtain results which can be considered as complementary to those of Nenciu N2] in the following sense. We prove estimates similar to (1.6), without restriction on the size of gaps and without smoothness assumption on W(t). Of course, there is a price to pay for dropping these hypotheses: the strength of perturbation W(t) with respect to H must be small in some sense. Typically, if the operator W(t) is such that sup s2R + 1 X j=1 2q j kP j W(s)k 2 < 1 (1.7) for some q 1=2, then, as t ! 1, hHi ' (t) = O(t 1=q );
(1.8) see section 2. Here again, (1.8) holds for arbitrary time dependence of W(t) and regardless of the nature of the spectrum in the bands j provided the bands are not too long. Such algebraic bounds on the growth of hHi ' (t) already give some information on the system, see (1.5). However, as noticed in N2], for C 1 perturbations such that both kW(t)k and kW 0 (t)k are uniformly bounded in time we have the trivial bound for any H hHi ' (t) = O(t):
(1.9) If we work under stronger hypotheses more precise estimates are given, some of which leading to uniformly bounded expectation values. This is the case for instance if we assume instead of (1.7) that the function of s de ned by Remarking that (1.8) is independent of the characteristics of the bands in the spectrum, we can generalize our results to estimate the expectation values of reasonable positive functions of H, f(H) in the following way, see section 3. Assume for simplicity that f : R + ! R + is strictly increasing and that (1.7) is satis ed with f( j ) in place of j . Then hf(H)i ' (t) = O(t 1=q ):
(1.11) Also, if (1.10) is satis ed with f( j ) in place of j , sup t2R hf(H)i ' (t) < 1. Thus it may be possible to have sup t2R hf(H)i ' (t) < 1 for a careful choice of f, whereas hHi ' (t) cannot be uniformly bounded by our methods. A speci c example displaying these features is dealt with in section 4. Such cases are of interest when we consider other relevant quantities in the study of quantum stability, see section 6.
In section 5 we consider hamiltonians H with discrete spectrum such that j ' j , > 0.
In particular, we show that perturbations W(t) belonging to a class of operators introduced by Howland H3] satisfy our hypotheses. This class is determined by the behavior of the matrix elements of W(t) in a basis of eigenvectors of H and was considered by Howland in his study of the spectral properties of the monodromy operator for time-periodic W(t).
We end the paper by addressing some questions on the links between results on expectation values of operators and di erent linear manifolds introduced to study the quantum stability of such systems in section 6.
The method used to get our estimates essentially consists in comparing the actual evolution U(t) with the free evolution V (t) = e ?itH and controlling the di erence between them. In some sense, this can be viewed as some kind of degenerate adiabatic technique. Therefore, our proof follows the general pattern of that of Nenciu N2] . By slightly modifying the method sketched above, we can actually accommodate a certain class of unbounded perturbations W(t), for which (1.9) does not apply.
Before closing this introduction, let us note that the search for lower bounds on hf(H)i ' (t) is more complicated. This is due in particular to the fact that such bounds must depend on the initial state ', whereas this is not the case for upper bounds. There are results for time independent systems only which require knowledge of the detailed structure of the spectral measure associated with '. The 
(2.20) Note that P j 's and q j 's are the spectral projectors and bottoms of the bands of H q , respectively, so that the norms introduced here are consistent with our de nition above. Remarks:
1) No assumptions are made on the nature of the spectrum of H inside the bands j , the size of the gaps between them or on the actual dependence of j on j. The time dependence of W(t) is restricted in no way and the norm or H-norm of W o (t) need not be uniformly bounded in time.
2) The initial condition can be taken in D(H 1=2 ) D(H).
3) If H3 i), respectively H3 iii) hold and kW o (s)k 1;H q , respectively k(s) are integrable, we thus get sup t2R +hHi ' (t) < 1. This could have been expected in the latter case since R 1 0 jk(s)jds is a measure of the total amount of energy available to the system. 4) Hypothesis H3 i) is stronger than H3 ii) and it allows to take advantage of the actual time dependence of kW o (s)k 1;H q to get a possibly better estimate on hHi ' (t) than the one provided under hypothesis H3 ii). H3 ii) yields at best hHi ' (t) = O t 1=2q . 
(2.42) The estimate (2.31) together with (2.35) yield for the rst term of (2.42),
which is independent of time. We deal with the second term as follows. For any N 2 N , we have by virtue of (2.36) and (2.14) In this case, f(H) is positive and self-adjoint on its domain D(f(H)) which is dense ( Ka] xVI 5) and easily shown to coincide with D(f(H)) = f 2 H j 1 X j=1 f 2 j kP j k 2 < 1g:
The values of f outside the support of the spectrum of H are irrelevant.
We introduce another set of hypotheses, each of which gives rise to a di erent estimate. for the same f.
The interest of this corollary stems from the fact that for a given W(t), hHi ' (t) may fail to be bounded uniformly in time, whereas the expectation value of some function of H may be (see the example in the next section).
Another improvement of these results consists in trying to get estimates on hHi ' (t), respectively hf(H)i ' (t), of a more general type than algebraic in t. This This last result shows more precisely how the strength of the hypotheses, characterized by the function a f, can be modulated in order to improve the time dependence of the estimates, characterized by a, or to enlarge the class of operators to which the results apply, characterized by f.
Example
Let us demonstrate the use of the estimates of the preceding section on a speci c example. Then sup t2R + k (t)k < 1 (see below) and, actually, it is not di cult to see that (t) is analytic in a sector containing R + . Let g(t) be a C 1 real valued function such that sup t2R + jg(t)j = 1 ; g(t) 2 L 1 (R + ) and jg(t)j(1 + t) n 6 2 L 1 (R + ): In this section, we consider a restricted class of hamiltonians H + W(t) which are likely to appear in speci c models and t in the framework described above. For this class of hamiltonians it is even possible to improve slightly the results of theorem 2.1. Remarks: 1) Applying the results of section 2, we get under the same conditions hHi ' (t) = o(t ) with = ?1=2 + ", for arbitrarily small " > 0.
2) The exponent is characteristic of H whereas characterizes W(t). If gets smaller, the exponent in (5.3) gets better, independently of W(t). However, taking higher values for requires taking weaker perturbations. 3) Replacing H by some power of H merely amounts here to alter the exponent appropriately.
Proof: In order to show the proposition, we simply estimate more carefully the last term in equation (2.45) using our hypotheses. We can write We prove the following technical lemma in appendix, using the Schur condition.
Lemma 5.1 Assume m j Mj , where M and 0 are independent of j, and let W o (t) belong to the class (p; ), with a constant C uniform in t 2 R + , where > 0 and ? +p > 1.
Then, there exists a constant such that:
? Remarks: 1) We can get rid of the logarithms in the tables above by decreasing the exponent of j by an arbitrarily small amount.
2) In order to apply proposition 5.1, we further need the exponent of j to be superior to 1=2.
Concluding remarks
We explicit in that nal section some links between our results on expectation values of H or f(H) and other relevant quantities in the study of quantum stability. Let us recall these notions and their properties, following mainly EV], BJLPN] and dO]. Consider the subspaces H p (U) = f 2 HjfU(t) jt 0g is precompact in Hg Hence, the study of expectation values may give information on the spectral properties of the monodromy operator in such cases (Note, however, that theorems 2.1 and 3.1 cannot yield boundedness of expectation values in the time periodic case).
In case of arbitrary time dependence, the Hilbert space cannot be decomposed according to (6.7), but we can write
where H a (U) is called the "U-unusual" subspace in dO]. To show the existence of H a (U), of H such that P j = P m j k=1 j' k j ih' k j j, k = 1; ; m j and H' k j = l j;k ' k j with j l j;k j , k = 1; ; m j . Hence, kHBk 2 2 = kB Hk 2 We follow again the same steps as in the proof of theorem 2.1 with f(H) in place of H. The hypotheses on a and the strict monotonicity of f j imply that f j a 2 (f j ) for j J, J large enough. Thus, for any t (see (2.37), (2.38)), (C.6 ) by a particular choice of N(t). We do not attempt to take advantage of the presence of any decreasing function g(N) in (C.3).
Lemma C.1 Let h(N; t) be de ned by (C. 3) where f, respectively a, satisfy H4, respectively H6. For each t > 0, there exists a N(t) such that h(N(t); t) = O (a 2 )
?1 (r(t)) : (C.7) Remarks: If r(t) is uniformly bounded in t, then h(N 0 ; t) is too, for any N 0 and the lemma is optimal in the same sense as lemma 2.3.
Proof: We can rewrite (C. 3) as h(N; t) = f N + r(t)=b(f N+1 ): (C.8) and we can assume that r(t) tends to in nity as t ! 1. Let N(t) be the unique index such that f N(t) (a 2 )
?1 (r(t)) < f N(t)+1 : (C.9) For t large enough we can use the identity b((a 2 )
?1 (x)) = x=(a 2 )
?1 (x) 8x 2 a 2 ( ); 1 ; (C.10 ) and deduce from (C.9) that b(f N(t)+1 ) r(t)=(a 2 )
?1 (r(t)); (C.11) hence h(N(t); t) 2(a 2 )
?1 (r(t)) = 2a ?1 ( q r(t)): (C.12) 2 This lemma ends the proof of the theorem. Gathering these estimates in (D.1), we nally get the result.
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